Abstract For symmetrizable Kac-Moody Lie algebra g, Lusztig introduced the modified quantized enveloping algebraU(g) and its canonical basis in [12] . In this paper, for finite and affine type symmetric Lie algebra g we define a set which depend only on the root category and prove that there is a bijection between the set and the canonical basis ofU(g), where the root category is the T 2 -orbit category of the derived category of Dynkin or tame quiver. Our method bases on one theorem of Lin, Xiao and Zhang in [9] , which gave the PBW-basis of U + (g).
Introduction
Let U + be the positive part of the quantized enveloping algebra U associated to a Cartan datum. In the case of finite type, Lusztig give two approach to construct the canonical basis ( [10] ). The first is an elementary algebraic construction. By using Ringel-Hall algebra realization to U + , the isomorphism classes of representations of the Dynkin quiver give a PBW-type basis of U + and there is an order on this basis. Under this order, the transition matrix between this basis and a monomial basis is a triangular matrix with diagonal entries equal to 1. By a standard linear algebra method one can get a bar invariant basis, which is the canonical basis. The second is a geometric construction. Lusztig construct the canonical basis by using perverse sheaves and intersection cohomology. Then the geometric construction of the canonical basis was generalized to the cases of all type in [11] . In the case of affine type, Lin, Xiao and Zhang in [9] provide a process to construct a PBW-type basis and get the canonical basis by using Ringel-Hall algebra approach and the representations of tame quivers ( [9] ). LetU be the modified quantized enveloping algebra obtained from U by modifying the Cartan part U 0 to ⊕ λ∈P Q(v)1 λ , where P is the weight lattice. This algebra has the same representations with U. Lusztig consider it as the limit of the tensor product of the highest weight modules and lowest weight modules. Then Lusztig define the canonical bases of the tensor products and the canonical basis onU can be obtained from them ( [12] [13]). Kashiwara also study the algebraU and its canonical basis ( [7] ). In [5] [6], Happle study the derived category D b (Λ) of a finite dimensional algebra Λ, which is a triangulated category with the translation functor T . He found that there is a bijection between the isomorphism classes of the indecomposable objects in R = D b (Λ)/T 2 and the root of the corresponding Lie algebra, if Λ is hereditary and representation-finite, where R = D b (Λ)/T 2 is the T 2 -orbit category of D b (Λ). It was proved in [14] that R = D b (Λ)/T 2 is still a triangulated category, so it is called a root category. In [14] [15], Peng and Xiao recover the whole Lie algebra structure via the root categories of finite dimensional hereditary algebras.
Note that the canonical basis ofU is defined abstractly and depend on the canonical basis of U + . Inspired by the method of constructing Lie algebra from root category, we want to get a connection between the canonical basis ofU and the objects of the root category using the PBW-type basis defined by Lin, Xiao and Zhang in the case of affine type. In this paper, we associate a setM to the root category. The definition of the set bases on the corresponding set defined by Lin, Xiao, and Zhang in [9] of a hereditary category. But the set depend only on the root category and not on the embedding of the hereditary category to the root category. Then for a fixed embedding of the hereditary category to the root category, we can get a bijection between the setM and the canonical basis ofU1 λ for every λ ∈ P . Hence we say that the set M we construct from the root category provides a parameterization of the canonical basis oḟ U.
Since [20] , it has been an open problem: how to realize the whole quantized enveloping algebra by using Hall algebra from derived category or root category. A lot of effort has been paid on the progress ( [2] [8] [19] [21] ) and the most recent progress is given by Bridgeland in [1] . We hope that the main result in the present paper can provide a strong evidence for the connection between the canonical basis and root category.
In Section 2, we first give the basic notations of quantized enveloping algebra and modified quantized enveloping algebra. Then we recall the definition of the Ringel-Hall algebra and root category. In Section 3, we consider the case of finite type, which is simpler and can reflect the idea clearly. In Section 4, we consider the case of affine case. We first recall the definition of the PBW-type basis of U + . Then we define a setM on the root category and define a PBW-type basis ofU1 λ with index inM. By the standard linear algebra method, we get a bar-invariant basis and prove that this is the leading term of the canonical basis. Hence we get a parameterization of the canonical basis by using the root category.
Preliminaries

Quantized enveloping algebra
Let Q be the field of rational numbers and Z the ring of integers. Let I be a finite index set with |I| = n and A = (a ij ) i,j∈I be a generalized Cartan matrix. Denote by r(A) the rank of A. Let P ∨ be a free abelian group of rank 2n − r(A) with a Z-basis {h i |i ∈ I} ∪ {d s |s = 1, . . . , n − r(A)} and let h = Q ⊗ Z P ∨ be the Q-linear space spanned by P ∨ . We call P ∨ the dual weight lattice and h the Cartan subalgebra. We also define the weight lattice to be P = {λ ∈ h * |λ(P ∨ ) ⊂ Z}.
Set Π ∨ = {h i |i ∈ I} and choose a linearly independent subset Π = {α i |i ∈ I} ⊂ h * satisfying α j (h i ) = a ij and α j (d s ) = 0 or 1 for i, j ∈ I, s = 1, . . . , n − rankA. The elements of Π are called simple roots, and the elements of Π ∨ are called simple coroots. The quintuple (A, Π, Π ∨ , P, P ∨ )
is called a Cartan datum associated with the generalized Cartan matrix A.
We recall the definition of the quantized enveloping algebra. Assume that A = (a ij ) i,j∈I is a symmetric generalized Cartan matrix.
Fix an indeterminate v. For n ∈ Z, we set
. For nonnegative integers m n 0, the analogues of binomial coefficients are given by
are elements of the field Q(v). The quantized enveloping algebra U associated with a Cartan datum (A, Π, Π ∨ , P, P ∨ ) is an associative algebra over Q(v) with 1 generated by the elements E i , F i (i ∈ I) and K µ (µ ∈ P ∨ ) subject to the following relations:
Here,
be the subalgebra of U generated by the elements E i (resp. F i ) for i ∈ I, and let U 0 be the subalgebra of U generated by K µ for µ ∈ P ∨ . We know that the quantized enveloping algebra has the triangular decomposition
We denote by() the unique automorphism of U as Q-algebra given bȳ
Let f be the associative algebra defined by Lusztig in [13] . Then f is generated by θ i (i ∈ I) subject to the above relation (6) with replacing F i by θ i . Hence there are well-defined Q(v)-algebra homomorphisms f → U(x → x + ) and f → U(x → x − ) with image U + and U − respectively, where
for i ∈ I and s ∈ Z and f A = f Z ⊗ Z A.
In [10] , [11] and [13] , Lusztig defined the canonical basis of f . We denote it by B.
Modified quantized enveloping algebra
Let us recall the definition of the modified formU of U in [13] . If λ ′ , λ ′′ ∈ P , we set
Consider the weight space decomposition U = ⊕ β U(β), where β through Q and U(β) = {x ∈ U|K µ xK
There is a natural associative Q(v)-algebra structure onU inherited from that of U. It is defined as follows: for any λ
, where 1 is the unit element of U. Then they satisfy 1 λ 1 λ ′ = δ λ,λ ′ 1 λ . In general, there is no unit element in the algebraU. However the family (1 λ ) λ∈P can be regarded locally as the unit element inU.
Note
Taking direct sums, we obtain an algebra automorphism() :U →U which maps each 1 λ to itself. By Lusztig ([13] , 23.2.1), we know that the elements b
λ ∈ P form a basis of the Q(v)-vector spaceU. This induces the triangular decomposition ofU. We denote byU Z the subalgebra generated by the elements E (n) i 1 λ and F (n) i 1 λ over Z for all i ∈ I, n 0 and λ ∈ P . Then the elements b
Lusztig ([13] ) also defines the canonical basis ofU as a limit of the canonical basis of L(λ) ⊗ L * (µ) where L(λ) is a highest weight module of U and L * (µ) is a lowest weight module of U.
As the notation in [13] ,Ḃ = {b♦ ζ b ′ |b, b ′ ∈ B, ζ ∈ P } is the canonical basis ofU. Note that 
Here P (tr|b| − 1, tr|b ′ | − 1) is the Q(v)-submodule ofU spanned by the set
where |b| is the weight of b and trµ = a i for µ = a i α i .
Ringel-Hall algebra
In this subsection, we recall the definition of Ringel-Hall algebras, following the notations in [9] .
A quiver Q = (I, H, s, t) consists of a vertex set I, an arrow set H, and two maps s, t : H → I such that an arrow ρ ∈ H starts at s(ρ) and terminates at t(ρ).
We denote by F q a finite field with q elements and Λ = F q (Q) the path algebra of Q over F q . By mod-Λ we denote the category of all finite dimension left Λ-modules. It is well-known that mod-Λ is equivalent to the category of finite dimension representations of Q over F q . We shall identify Λ-modules with representations of Q.
Given three modules L, M and 
It is easily seen that H q (Λ) is associative Q(v q )-algebra with unit u 0 , where 0 denotes the zero modules. The set of isomorphism classes of (nilpotent) simple Λ-modules is naturally indexed by the set I of vertices of Q. Then the Grothendieck group G(Λ) of mod-Λ is the free abelian group ZI. For each nilpotent Λ-module M , the dimension vector dimM = i∈I (dim M i )i is an element in G(Λ). The Ringel-Hall algebra H q (Λ) is a NI-graded algebra by dimension vectors of modules.
The Euler form −, − on G(Λ) = ZI is defined by
for α = i∈I a i i and β = i∈I b i i in ZI. For any nilpotent Λ-modules M and N one has
The symmetric Euler form is defined as (α, β) = α, β + β, α for α, β ∈ ZI. This gives rise to a symmetric generalized Cartan matrix A = (a ij ) i,j∈I with a ij = (i, j). A is independent of the field F q and the orientation of Q.
The twisted Ringel-Hall algebra H * q (Λ) is defined as follows. Set H * q (Λ) = H q (Λ) as Q(v q )-vector space and define the multiplication by
The composition algebra C * q (Λ) is a subalgebra of H * q (Λ) generated by u [Si] , i ∈ I, where S i is the nilpotent simple module corresponding to i ∈ I. For any Λ-module M , we denote
Let A vq be the subring of C as the image of A under the map A → C sending v to v q . Let
[m]v q ! , where i ∈ I and S i is simple Λ-module.
Then we consider the generic form of Ringel-Hall algebra. Let Q be a finite quiver and H * q (kQ) the twisted Ringel-Hall algebra of the path algebra kQ. Let K be a set of finite fields k such that the set {q k = |k||k ∈ K} is infinite. Let R be an integral domain containing Q and an element v q k such that v
For each k ∈ K, we consider the composition algebra C * q (kQ) which is the R-algebra generated by the elements u [Si] (k) of the Ringel-Hall algebra H * q (kQ). Consider the direct product
denote the subalgebra of H * (Q) generated by v, v −1 and u [Si] over Q. We may regard it as the A-algebra generated by u [Si] where v is considered as an indeterminate. Finally, we define the
Remark 2.1. If Q is a Dynkin quiver, then the generic composition algebra of Q can be defined directly using Hall polynomials.
Then we have the following well-known result of Green and Ringel ([4][18]).
Theorem 2.1. Let Q be a connected quiver, A be the associated generalized Cartan matrix, and f be the Lusztig's algebra of type A. Then the correspondence
Root categories
Given a Hom-finite, Krull-Schmidt triangulated category C, we consider the Grothendieck group G(C). That is, G(C) is the quotient of a free abelian group with a basis {[M ]|M ∈ C}, indexed by the isomorphism classes of all objects in C, subject to the relations
A triangulated category is called a 2-period triangulated category if the translation T satisfies T 2 ≃id.
Let k be a field. Given a finite dimensional hereditary k-algebra Λ, we have the derived category D b (Λ) of mod-Λ , which is a triangulated category with the translation T , obtained from the category of bounded complexes over mod-Λ by localizing with respect to the set of all quasi-isomorphisms ( [5] [6]). For our purpose, we should consider the orbit category
induces an equivalent functor of R(Λ) of order 2, which is still denoted by T . By [14] , we know that R(Λ) is also a triangulated category with T as the translation and the covering functor F :
to a triangle in R(Λ).
It is clear that the root category R = R(Λ) is a 2-period triangulated category. Let S 1 , S 2 , · · · , S n be the set of all non-isomorphism simple Λ-modules. Then we can consider a matrix A = (a ij ) n×n given by
This matrix is a symmetric generalized Cartan matrix. The Cartan matrix A only depend on the underlying graph of Q and is independent of the the choice of the field and of the orientation of Q. Actually, the Dynkin graph of A is just a complete slice of the quiver Q. So we can call A the Cartan matrix of the root category R ( [15] ).
Let Q be a connected quiver, R(Q) = D b (kQ)/T 2 be the root category. LetP be the set of isomorphism classes of the objects in R(Q) and ind(P) be the set of isomorphism classes of the indecomposable objects in R(Q). Note that mod-kQ can be embedding into R(Q) as a full subcategory. Then ind(P) = ind(P)∪ind(T (P)) where∪ is disjoint union. In this section, we consider a connected quiver Q of Dynkin type. We first consider the category of representations of Q over some finite field k. Let Λ = kQ. We denote by Φ
the set of positive roots (negative roots) of the Dynkin quiver Q. By the Gabriel's Theorem, we know that dim induces an bijection between the set ind(P) and the set Φ + . Given a positive root α, we denote by M (α) the corresponding indecomposable representation of Q. Since Q is representation-directed, we can define a total order on the set
being the corresponding indecomposable Λ-modules such that
We denote by N ind(P) the set of all functions a :
and any representation is isomorphic to one of the form.
Since the Hall polynomials exist in this case, we can consider the generic form C * A (Q) of the Ringel-Hall algebra.
By [17] , we have
PBW-type basis ofU1 λ
Consider a root category R(Q) over some finite field k. Remember that ind(P) is the set of isomorphism classes of indecomposable objects in R(Q). Let Φ = {dim(M )|M ∈ ind(P)}. Then Φ is the root system of the corresponding Lie algebra and there is a bijection between the set ind(P) and the set Φ by the Gabriel's Theorem. We have Φ = Φ +∪ Φ − . Given an element α ∈ Φ, we also denote by M (α) the corresponding object in R(Q). Let N ind(P) be the set of all
and any object in our R(Q) is isomorphic to one of the form.
Note that the category R(Q), so the set N ind(P) , depend only on the underlying graph of Q.
Given any symmetric generalized Cartan matrix A = (a ij ) n×n of finite type, we consider a quiver Q, the quantum enveloping algebra U and the modified enveloping algebraU corresponding to the Cartan matrix A = (a ij ) n×n .
Remember that mod-kQ can be embedding into R(Q) as a full subcategory. Then ind(P) = ind(P)∪ind(T (P)). Forã ∈ N ind(P) , let a 1 =ã| ind(P) and a 2 =ã| ind(T (P)) , and we can denote byã = (a 1 , a 2 ). We identify C * (Q) with f by the correspondence between u [Si] and θ i . So the
can be regarded as elements inU1 λ .
We have the following proposition
Proof. In ( [13] , 23.2.1), Lusztig points out thatU is a free f ⊗f opp -module with basis (1 λ ) λ∈P .
So the set
is a PBW-type basis ofU1 λ . Byã = (a 1 , a 2 ), we have the proposition.
We denote by B Q (U1 λ ) the PBW-type basis { M (ã) λ |ã ∈ N ind(P) }. Note that the PBWtype basis depend on the embedding of mod-kQ into R(Q). Letā be obtained from a by applying the()-involution to each elements of a. Since w * (c) = w * (c), we have
. 
Similarly, we can get a bar-invariant basis ofU1 λ from
By the relation
we have
− in U ± respectively. Hence, we have
. The same as above, letã = (ãcc′ ) be the transition matrix from { M (c) λ |c : Φ → N} to {w * (c) λ |c : Φ → N}, whereãcc = 1 and a cc ′ = 0 unlessc ′ ≺c. Note thatã is unipotent lower triangular matrix with off-diagonal entries in A. Letā be obtained fromã by applying the()-involution to each elements ofã. Since w * (c) λ = w * (c) λ , we have
Leth =ā −1ã , thenh is again a unipotent lower triangular matrix, andh =h −1 . There exists a unique unipotent lower triangular matrixd = (dcc′ ) with off-diagonal entries in v
such thatd =dh. Then we can define a bar-invariant basis ofU1 λ
. We denoted by B Q (U1 λ ) the above basis.
We omit the proof of the above theorem. The proof of Theorem 3.1 is simple than Theorem 4.1 of affine case, which will be proved in next section.
A parameterization of the canonical basis ofU1 λ
LetU = ⊕ λ∈PU 1 λ be the modified enveloping algebra corresponding to the quiver Q anḋ B λ is the canonical basis ofU1 λ .
Theorem 3.2. We have a bijective map
which is the composition of the following two bijection
and
Proof. The first bijection from N ind(P) to B Q (U1 λ ) comes from our construction of For a non symmetric Lie algebra g, the similar result holds forU(g).
4 Affine type
PBW-type basis of U +
We first recall the construction of the PBW-type basis in [9] .
The integral basis arising from the Kronecker quiver
Let Q be the Kronecker quiver with I = {1, 2} and H = {ρ 1 , ρ 2 } as follow
Let Λ = F q (Q) be the path algebra. The set of dimension vectors of indecomposable representations is
The dimension vectors (l + 1, l) and (n, n + 1) correspond to preprojective and preinjective indecomposable representations respectively. Let P be the set of isomorphism classes of finite dimension Λ-modules, H q (resp. H * q ) be the Ringel-Hall (resp. the twisted Ringel-Hall) algebra of Λ over Q(v q ), where v 2 q = q. Define E (n+1,n) = u (n+1,n) and E (n,n+1) = u (n,n+1) .
For n 1, defineẼ
Then, we can define by induction
Then we consider C * Z . Since E kδ , E (m+1,m) and E (n,n+1) can be defined in each H q , we can consider them as elements in q H * q . We know that the set {E (m+1,m) , E kδ , E (n,n+1) |m, n 0, k 1} is contained in C * Z . Let P(m) be the set of all partition of m. For any partition w = (w 1 , w 2 , . . . , w t ) ∈ P(m),
we define E wδ = E w1δ * E w2δ * · · · * E wtδ .
Proposition 4.1.
[9] The set { P * E wδ * I } where P ∈ P is preprojective, w ∈ P(m), I ∈ P is preinjective and m ∈ Z 1 , is a Z-basis of C * Z .
The integral basis arising from a tube
Let ∆ = ∆(n) be the cyclic quiver with vertex set ∆ 0 = Z/nZ={1,2,. . . ,n} and arrow set
We consider the category T = T (n) of finite dimension nilpotent representations of ∆(n) over F q . Let S i , i ∈ ∆ 0 be the irreducible objects in T (n) and S i [l] be the indecomposable objects in T (n) with top S i and length l. Note that S i [l] is independent of the choice of q. Let P be the set of isomorphism classes of objects in T (n). Denote by H (resp. H * ) the Ringel-Hall algebra (resp. twisted Ringel-Hall algebra) of T (n). Because the Hall polynomials always exist in this case, we may regard them as generic form. Let Π be the set of n-tuples of partitions π = (π (1) , π (2) , . . . , π (n) ) with each component
· · · ) being a partition of integers. For each π ∈ Π, we define an object in
In this way we obtain a bijection between the set Π and the set P. An n-tuple π = (π (1) , π (2) , . . . , π (n) ) of partition in Π is called aperiodic, if for each l 1 there is some i = i(l) ∈ ∆ 0 such that π Let Ω be the set of all words on the alphabet ∆ 0 . For each
It has been proved in [16] that π = p(w) ∈ Π a and p induces a surjective p : Ω ։ Π a .
For each module M in T and s 1, we define by sM the direct sum of s copies of M . For w ∈ Ω, write w in a tight form w = j 
in tight form by [3] . From now on, we fix a distinguished word w π ∈ p −1 (π). Thus we have a section D = {w π |π ∈ Π a } of p over Π a . D is called a section of distinguished words in [3] .
Then define E π for all π ∈ Π a inductively by the following relation
dim Hom(M, M (µ)) for all modules M in T . We know that E π ∈ C * for all λ ∈ Π a .
Proposition 4.2. [9]
Let D = {w π |π ∈ Π a } be a section of distinguished words. Then both {m (wπ) |π ∈ Π a } and {E π |π ∈ Π a } are Z-basis of C * Z . And the transition matrix between these two basis is triangular with diagonal entries equal to 1 and entries above the diagonal in
It has been proved in [3] that the basis {E π |π ∈ Π a } is independent of the choice of the sections of distinguished words.
The integral basis arising from preprojective and preinjective components
In this section, we consider a connected tame quiver Q without oriented cycles. Let Λ = F q (Q) be the path algebra. We denote by P rep and P rei the isomorphism classes of indecomposable preprojective and preinjective Λ-modules, which are independent of the choice of q. Let H q (resp. H * q ) be the Ringel-Hall (resp. the twisted Ringel-Hall) algebra of Λ over Q(v q ), where v 2 q = q.
Since P rei is representation-directed, we can define a total order on the set
of all positive real roots appearing in P rei with
being the corresponding indecomposable preinjective Λ-modules such that
Similarly, since P rep is representation-directed, we can define a total order on the set
of all positive real roots appearing in P rep with
being the corresponding indecomposable preprojective Λ-modules such that
We denote by N P rei f the set of all support-finite functions b : Φ
defines a preinjective representation
and any preinjective representation is isomorphic to one of the form. We denote by N P rep f the set of all support-finite functions a : Φ
and any preprojective representation is isomorphic to one of the form.
Then we consider C * Z , the generic form of twisted composition algebra of Q. We have
The integral basis for the generic composition algebras
In this section, we still assume that Q is connected tame quiver without oriented cycles. We first consider the embedding of the representation category of Kronecker quiver into the representation category of Q.
Let e be a extending vertex of Q and Λ = F q Q be the path algebra of Q over F q . Let P = P (e) be the projective module cover the simple module S e . Set p = dimP (e). Clearly p, p = 1 = p, δ and there exists unique indecomposable preprojective module L with dimL = p + δ. Moreover, we have Hom Λ (L, P ) = 0 and Ext Λ (L, P ) = 0. Let C(P, L) be the smallest full subcategory of mod-Λ which contains P and L and is closed under taking extensions, kernels of epimorphisms and cokernels of monomorphisms. C(P, L) is equivalent to the module category of the Kronecker quiver over F q . Thus we have an exact embedding F : mod-K ֒→ mod-Λ, where K is the path algebra of the Kronecker quiver over F q . We know that the embedding F is independent of the choice of q. Hence, this gives rise to an injective homomorphism of algebras F : H * (K) → H * (Q). In H * (K), we have defined the element E mδK for m 1. Define
We may list all non-homogeneous tubes T 1 , T 2 , . . . , T s in mod-Λ (in fact s 3). For each T i , let r i be the period of T i . For each T i , as we did in Section 4.1.2, we have the generic composition algebra C * (T i ) and its integral form C * (T i ) Z . For each T i , we have the set Π a i of aperiodic r i -tuples of partitions. We have constructed in Section 4.1.2 the element E πi . Then
Then for each c ∈ M we define
where M (a c ) and M (b c ) are defined in Section 4.1.3, E πic is defined in Section 4.1.2 and E wcδ is defined in Section 4.1.1. Obviously, {E c |c ∈ M} belongs to C * (Q).
Proposition 4.4. [9]
The set {E c |c ∈ M} is a A-basis of C * (Q) A .
From this basis we can get a bar-invariant basis. But it is not the one considered by Lusztig. Hence in [9] , another PBW-type basis is constructed. Let us recall it definition.
There is an inner pair (, ) on H * q (Λ) defined in [4] . This inner product is also well-defined on C * (Q) which coincides with the pairing defined by Lusztig in [13] . Consider the Q(v)-basis {E c |c ∈ M}. Let R(C * (Q)) be the Q(v)-subspace of C * (Q) with the basis {E π1c * E π2c * · · · *
, and w c = (w 1 w 2 · · · w t ) is a partition. It is a subalgebra of C * (Q).
Let R a (C * (Q)) be the subalgebra of R(C * (Q)) with the basis
In [9] , it is prove that
and dim F δ = 1. By the method of Schmidt orthogonalization, we may set (1) be the subalgebra of R(C * (Q)) generated by R a (C * (Q)) and F δ . We
In general, define
Let R(C * (Q))(n) be the subalgebra of R(C * (Q)) generated by R(C * (Q))(n − 1) and F nδ . Then
1δ * · · · * P * rt tδ . Let S wcδ be the Schur functions corresponding to P wcδ and
Proposition 4.5.
[9] The set {F c |c ∈ M} is an almost orthonormal basis of C * (Q) ≃ f .
PBW-type basis ofU1 λ
Let Q be a connected tame quiver without oriented cycles. Consider the root category R(Q) over some finite field k. Let Λ = kQ. Remember thatP is the set of isomorphism classes of the objects in R(Q) and ind(P) is the set of isomorphism classes of the indecomposable objects in R(Q). The set ind(P) can be divided as follow
Fix an embedding of mod-kQ into the root category R(Q), then P = P rep(Q)∪T (P rei(Q)) and T is the set of all indecomposable regular Q representations consisting of homogeneous tubes and non-homogeneous tubes T 1 , T 2 , · · · , T s appearing in mod-kQ.
LetM be the set ofc = (dc, πc, wc, d
where Note that the category R(Q), so the setM, depend only on the underlying graph of Q. If
, they give the sameM.
Given any symmetric generalized Cartan matrix A = (a ij ) n×n of affine type, we consider a quiver Q, the quantum enveloping algebra U and the modified enveloping algebraU corresponding to the Cartan matrix A = (a ij ) n×n .
Remember that mod-kQ can be embedding into R(Q) as a full subcategory. Then ind(P) = ind(P)∪ind(T (P)).
, and we can denote by dc = (d 1 , d 2 ) . Also, let d
, and we can denote by d
can be regarded as elements in M and we can denoted byc = (c 1 , c 2 ).
We identify C * (Q) with f by the correspondence between u [Si] and θ i . So the set
We can also consider the following set 
is a PBW-type basis ofU1 λ . Byc = (c 1 , c 2 ), we have the proposition.
We denote by B Proof. For x, y ∈ f homogeneous, write
with x k ∈ f homogeneous and (r ⊗ 1)r(y) = y 1 ⊗ y 2 ⊗ y 3 with y k ∈ f homogeneous, where r : f → f ⊗ f is defined by r(θ i ) = θ i ⊗ 1 + 1 ⊗ θ i and r(x) = r(x). By Proposition 3.1.7 in [13] , the following equality holds in U:
where {x, y} = (x,ȳ). Since tr|x 2 | tr|x| and tr|x 2 | = tr|x| if and only if x 1 = x 3 = 1, tr|y 2 | tr|y| and tr|y 2 | = tr|y| if and only if y 1 = y 3 = 1, we have the following
From the definition of the order ≺ on M,
The proof is finished.
Then, we have the following proposition Proposition 4.6. The set {Fc λ |c ∈M} is a A-basis ofU1 λ .
Proof. By Lemma 4.1, {F ′c λ |c ∈M} is a basis ofU1 λ . Since the transition matrix from B Q (U1 λ ) to B ′ Q (U1 λ ) under the order < defined above is an invertible lower triangular matrix with diagonal entries are powers of v and off-diagonal entries in A, the set {Fc λ |c ∈M} is also a A-basis ofU1 λ . in U ± respectively. Hence, we have 
We have
Now, by the definition,
Remark 4.1.
Although we use the embedding of mod-kQ into the root category R(Q) to construct this basis B Q (U1 λ ), but this theorem show that this basis is independent of the choice of the orientation of Q in fact.
A parameterization of the canonical basis ofU1
λ LetU = ⊕ λ∈PU 1 λ be the modified enveloping algebra corresponding to the quiver Q anḋ B λ is the canonical basis ofU1 λ . Proof. The first bijection fromM to B Q (U1 λ ) comes from our construction of Ec λ and the second bijection from B Q (U1 λ ) toḂ λ comes from Lusztig ([13] , Theorem 25.2.1). By Theorem 4.1, Ec λ = E c1+ E c2− 1 λ . So, we have the theorem.
Note that the setM depend only on the root category R(Q), not depend on the embedding of mod-kQ into R(Q). The all elements inM give a parameterization of the canonical basis of the modified quantum enveloping algebra by Theorem 4.2.
